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We discuss weak kaon decays in a scenario in which the Standard Model is extended by massive sterile
fermions. After revisiting the analytical expressions for leptonic and semileptonic decays we derive the
expressions for decay rates with two neutrinos in the final state. By using a simple effective model with
only one sterile neutrino, compatible with all current experimental bounds and general theoretical
constraints, we conduct a thorough numerical analysis which reveals that the impact of the presence of
massive sterile neutrinos on kaon weak decays is very small, less than 1% on decay rates. The only
exception is BðKL → ννÞ, which can go up to Oð10−10Þ, thus possibly within the reach of the KOTO,
NA62 and SHIP experiments. Plans have also been proposed to search for this decay at the NA64
experiment. In other words, if all the future measurements of weak kaon decays turn out to be compatible
with the Standard Model predictions, this will not rule out the existence of massive light sterile neutrinos
with non-negligible active-sterile mixing. Instead, for a sterile neutrino of mass belowmK, one might obtain
a huge enhancement of BðKL → ννÞ, otherwise negligibly small in the Standard Model.
DOI: 10.1103/PhysRevD.95.075023
I. INTRODUCTION
The StandardModel (SM) predicts the strict conservation
of lepton flavor to all orders. The fact that neutrinos oscillate
provides clear evidence of the existence of physics beyond
the Standard Model. New physics models accommodating
massive neutrinos and their mixing open the door to many
phenomena which basically have no Standard Model back-
ground, such as lepton number violation, violation of lepton
flavor universality, or lepton flavor violation.
The experimental effort associated with the search of
new physics using observables involving leptons is impres-
sive, and is currently being pursued on all experimental
fronts: (i) neutrino dedicated experiments which aim to
determine neutrino properties, such as the Majorana/Dirac
nature, the absolute neutrino masses, the hierarchy of their
mass spectrum, leptonic mixing and the CP-violating
phases; (ii) high-intensity facilities that are studying several
low-energy processes such as l → l0γ, lk → lililj, μ − e
conversion in atoms, τ and meson M decays (τ → Mν,
M → lν, M → M0lν, M → M0ll;M0νν, …); (iii) the
Large Hadron Collider (LHC), which is the privileged
discovery ground of new particles, may also allow one to
probe leptonic mixing in the production and/or decay of the
new states. On the other hand, the recent cosmological data
have put constraints on the sum of the light neutrino
masses, which is especially restrictive when considering
new light neutral states.
Among the several minimal possible scenarios, extend-
ing the SM with sterile fermions—which are singlets under
the Standard Model gauge group—is a very appealing
hypothesis, as their unique (indirect) interaction with the
Standard Model fields occurs through their mixing with the
active neutrinos νL (via their Yukawa couplings). Due to
their very unique nature, there is no bound on their number,
and a priori no limits regarding their mass regimes.
Interestingly, sterile fermions (like right-handed neutrinos)
are present in many frameworks accounting for neutrino
masses and the observed mixing (as is the case for fermion
seesaw mechanisms). The interest in sterile neutrinos and
their impact on observables strongly depend on their
masses. Sterile neutrinos at the eV scales were proposed
to solve neutrino oscillation anomalies in reactors [1],
accelerators [2], as well as in the calibration of gallium-
target solar neutrino experiments [3], all suggesting beyond
the three-neutrino paradigm. The keV scale for sterile
neutrinos offers warm dark matter candidates [4,5], and
explanations of some astrophysical issues such as kicks in
pulsar velocities [6]. Sterile fermion states with masses
above 109 GeV have moderate motivation other than their
theoretical appeal (grand unified theories) and the possibil-
ity to have a scenario for baryogenesis via the high-scale
leptogenesis [7]. Finally, the appeal for sterile neutrinos in
the range MeV–GeV (and even TeV) strongly resides in
their experimental testability due to the many direct and
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indirect effects in both high-energy (e.g. LHC) [8] and
high-intensity (e.g., NA62, NA64) experiments.
In order to illustrate the phenomenological effect of a
scenario which involves sterile fermions, we focus on a
minimal model which extends the Standard Model with an
arbitrary number of sterile states with masses in the above-
mentioned ranges, known as 3þ N models, without making
assumptions concerning the neutrinomass (and/or the lepton
mixing) generation mechanism, but allowing one to access
the degrees of freedom of the sterile neutrinos (their masses,
their mixing with the active neutrinos and the new CP-
violating phases). In this work, we address the phenomeno-
logical imprints of such sterile fermions on observables
involving kaon meson rare decays into lepton final states
including neutrinos, which can either be used to set (or
update) constraints to model building, or provide interesting
observables that could be used as tests of various scenarios of
new physics. Notice that the first study devoted to probe
massive neutrinos and lepton mixing using leptonic pseu-
doscalar light meson decays was done in Refs. [9,10]. These
rare and forbidden decays are being searched for at CERN
(NA62) in the charged decay modes [11] and at the J-PARC
facility (KOTO) [12] and at CERN (NA64) [13,14] in the
neutral ones. This study might also be useful for the
TREK/E36 experiment at J-PARC, where the data analysis
is currently under way [15]. It will further test the lepton
universality in kaon two-body decays (Kl2) and search for a
heavy neutrino [16]. Finally, this study could also be of use to
the proposed SHIP experiment [17,18], wherewe propose to
use the large number of kaons produced inD-meson decays
to search for forbidden decays.
Having sterile neutrinos that are sufficiently light to be
produced with non-negligible active-sterile mixing angles
may induce an important impact on electroweak precision
and many other observables. Our analysis must therefore
comply with abundant direct and indirect searches that have
already allowed to put constraints or bounds on sterile
neutrino masses and their mixing with the active neutrinos.
In this work, we assume the effective case in which the
Standard Model is extended by one sterile fermion (3þ 1
case) and revisit weak kaon decays such as the leptonic Kl2
(K → lν), as well as the semileptonic onesKl3 (K → πlν).
Furthermore we consider the loop-induced weak decays
K → πνν andKL → νν and derive analytical expressions for
their decay rates, which are new results. In doing the
numerical analysis, we (re)derive the expressions for various
processes which are used as constraints (μ → eγ, μ → eee,
τ → lνν, …). We have chosen to present the analytical
formulas and numerical results assuming here neutrinos to be
Majorana fermions. A detailed discussion and comparison
between the Dirac and Majorana cases is also displayed (in
Appendix A 2).
Our study reveals that the influence of the presence of
massive sterile neutrinos on the Kl2, Kl3 and K → πνν
decay rates is less than 1%, thus fully compatible with
the Standard Model predictions. Interestingly, however, we
find that BðKL → ννÞ, which is zero in the Standard Model,
can be as high as Oð10−10Þ and thus possibly within the
reach of the NA62(-KLEVER), SHIP as well as the KOTO
experiments. In other words, if all the future measurements
of weak kaon decays turn out to be compatible with the
Standard Model, the paradigm of the existence of sterile
neutrinos would still remain valid. Instead, we show that
sterile neutrinos with mass belowmK could generate a huge
enhancement of BðKL → ννÞ.
Our work is organized as follows: In Sec. II we present a
genericmodelwith one sterile neutrino added to the Standard
Model and present details concerning the parametrization
used in the ensuing analysis. Section III is devoted to a
discussion of quantities which are used to constrain the
parameter space followed by the actual scan. The expressions
for various weak decay processes of kaons are scrutinized in
Sec. IV, and the sensitivity of these processes on the presence
of massive sterile neutrinos is examined and discussed in
Sec. V. Our concluding remarks are given in Sec. VI, while
the Feynman rules for the case of Majorana neutrino have
been relegated to Appendix A 1. Appendix A 2 contains a
comparison of the analytical expressions for BðK → πννÞ
when neutrinos are Majorana or Dirac fermions.
II. EXTENDING THE STANDARD MODEL
WITH STERILE FERMIONS
A. Models with sterile fermions
To discuss the phenomenological consequences of
sterile fermion states on low-energy physics observables,
it is important to have an idea of the underlying framework
which involves sterile neutrinos, and among those the
testable ones in particular. Such models are for instance
based on low-scale seesaw mechanism, e.g. extension of
the Standard Model by exclusively right-handed (RH)
neutrinos, like in the usual type I seesaw, which is realized
at the TeV scale [19–26], and for which the Yukawa
couplings are small (∼Ye). They can nevertheless be made
higher if one assumes some extra input like the minimal
flavor violation [27,28]), or tiny as it is the case in
neutrino Minimal Standard Model [4]. Other than RH
neutrinos, νR, one can also consider additional sterile
fermions with the opposite lepton numbers of the RH
ones, like it is done in the case of the linear [29,30] or the
inverse [31–34] seesaw mechanisms. The two latter
scenarios are (theoretically and phenomenologically) very
appealing as they provide an extra suppression factor,
which is linked to a small violation of the total lepton
number, allowing one to explain the tininess of neutrino
masses while having large Yukawa couplings and a
comparatively low seesaw scale. Having relatively light
sterile fermions which do not decouple, since they can
have non-negligible active-sterile mixing, certainly leads
to important consequences and as a result to numerous
constraints. The most important and direct consequence is
the modification of the charged and neutral currents as
A. ABADA et al. PHYSICAL REVIEW D 95, 075023 (2017)
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LW ⊃ −
g2ﬃﬃﬃ
2
p W−μ
X
α¼e;μ;τ
X3þN
i¼1
Uαil¯αγμPLνi;
LZ ⊃ −
g2
4 cosθW
Zμ
X3þN
i;j¼1
ν¯iγ
μ½PLðU†UÞij −PRðU†UÞijνj;
ð1Þ
where g2 is the weak coupling constant, and N is the
number of sterile fermions. The modified lepton mixing
matrix, obviously nonunitary, also encodes the active-
sterile mixing. In the limit in which the sterile fermions
decouple the matrix U corresponds to the usual
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) 3 × 3 uni-
tary matrix, i.e., Uαi ¼ UPMNS. Moreover, if sufficiently
light, the sterile neutrinos can be produced as decay
products. Both these points might induce a huge impact
on numerous observables, which in turn can provide
abundant constraints on the sterile fermions (masses
and the active-sterile mixing angles including the new
CP-violating phases).
A useful first approach to study the impact of sterile
neutrinos on the low-energy processes relies on addition of
only one sterile fermion to the Standard Model with no
hypothesis regarding the origin of the light neutrino masses
and the observed lepton mixing (UPMNS).
B. Effective Approach: Standard
Model+ one sterile fermion
In essence, since no seesaw hypothesis is made, the
physical parameters correspond to the three mostly active
neutrino masses, the mass of the mostly sterile neutrino,
and finally the mixing angles and the CP-violating phases
encoded in the mixing matrix which relates the physical
neutrino to the weak interaction basis. Due to the modi-
fication of the charged current in (1) the lepton mixing
matrix is defined as
Uαi ¼
X3
k¼1
VkαUνki ; ð2Þ
where V and Uν are the unitary transformations that relate
the physical charged and neutral lepton states l and ν to the
gauge eigenstates l0 and ν0 as
l0L ¼ VlL; ν0L ¼ UννL: ð3Þ
In the 3þ 1 model, the mixing matrix U includes six
rotation angles, three Dirac CP-violating phases, in addi-
tion to the three Majorana phases. It can thus be para-
metrized as follows:
UT ¼ R34ðθ34; δ43Þ · R24ðθ24Þ · R14ðθ14; δ41Þ
· ~U · diagðϕ21;ϕ31;ϕ41Þ ð4Þ
where Rij is the rotation matrix between i and j, which
includes the mixing angle θij and the Dirac CP-violating
phase δij. The Majorana CP-violating phases are factorized
in the last term of Eq. (4), where ϕij ¼ exp−iðϕi−ϕjÞ. ~U is the
4 × 3 matrix which encodes the mixing among the active
leptons as
~U ¼
0
BBB@
Ue1 Ue2 Ue3
Uμ1 Uμ2 Uμ3
Uτ1 Uτ2 Uτ3
0 0 0
1
CCCA: ð5Þ
The upper 3 × 3 submatrix of ~U is nonunitary due to the
presence of a sterile neutrino and includes the usual Dirac
CP phase actively searched for in neutrino oscillation
facilities. In the case where the sterile neutrino decouples,
this submatrix would correspond to the usual unitary
PMNS lepton mixing matrix, UPMNS. The active-sterile
mixing is described by the rotation matrices R34, R24, R14
which are defined as
R34 ¼
0
BBB@
1 0 0 0
0 1 0 0
0 0 cos θ34 sin θ34 · e−iδ43
0 0 − sin θ34 · eiδ43 cos θ34
1
CCCA;
R24 ¼
0
BBB@
1 0 0 0
0 cos θ24 0 sin θ24
0 0 1 0
0 − sin θ24 0 cos θ24
1
CCCA;
R14 ¼
0
BBB@
cos θ14 0 0 sin θ14 · e−iδ41
0 1 0 0
0 0 1 0
− sin θ14 · eiδ41 0 0 cos θ14
1
CCCA: ð6Þ
III. SCAN OF THE PARAMETER SPACE
IN THE 3+ 1 EFFECTIVE APPROACH
In this section we list the quantities that are used in order
to constrain the parameter space of the scenario with three
active and one (effective) sterile neutrino.1 In addition to the
current limits on the neutrino data [35], the presence of an
extra sterile neutrino requires the introduction of new
parameters: its mass, three new (active-sterile) mixing
angles and two extra CP-violating phases. Furthermore,
1The word effective is used to denote the fact that this sterile
neutrino is mimicking the effect of several fermionic singlets
usually induced when embedding the Standard Model with a
fermion-type seesaw.
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2We reiterate that all along this paper we consider neutrinos to be Majorana fermions.
since we assume that neutrinos are Majorana fermions,
there are also three Majorana phases which, however, do
not play a significant role in the setup discussed in
this paper.
Before we list the observables used to constrain the
parameter space, we need to emphasize that a price to pay
for adding massive sterile neutrinos is that the Fermi
constant extracted from the muon decay should be rede-
fined according toGF ¼ Gμ=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃP
i;jjUeij2jUμjj2
q
, where the
sum runs over kinematically accessible neutrinos. We
checked, however, that for the model used in this paper
GF ¼ Gμ remains an excellent approximation and thus it
will be used in the following.
(i) μ→ eγ: An important constraint comes from the
combination of the recently established experimen-
tal bound Bðμ → eγÞ < 4.2 × 10−13 [36]. In our
setup, the branching fraction of this decay is given
by the following expression [37]:
Bðμ → eγÞ ¼
ﬃﬃﬃ
2
p
G3Fs
2
Wm
2
W
128π5Γμ
m5μ

X4
i¼1
UμiUeiGγðxiÞ

2
;
GγðxÞ ¼ −
2x3 þ 5x2 − x
4ð1 − xÞ3 −
3x3
2ð1 − xÞ4 log x;
ð7Þ
where xi ¼ m2νi=m2W and s2W ¼ 1 −m2W=m2Z. We also
use the above expression, mutatis mutandis, to
derive additional constraints stemming from the
experimental limits, Bðτ → μγÞ < 4.4 × 10−8 and
Bðτ → eγÞ < 3.3 × 10−8 [38].
(ii) W → lν: Combining the measured BðW → eνÞ ¼
0.1071ð16Þ and BðW → μνÞ ¼ 0.1063ð15Þ, with the
expression
BðW → lνÞ
¼
ﬃﬃﬃ
2
p
GFmW
24πΓW
X4
i¼1
λ1=2ðm2l; m2νi ; m2WÞ
×

2 −
m2l þm2νi
m2W
−
ðm2l −m2νiÞ2
m4W

jU2lij ð8Þ
yields useful constraints in the parameter space. In
the above formula λða2; b2; c2Þ ¼ ½a2 − ðbþ cÞ2×
½a2 − ðb − cÞ2. Since we do not include the electro-
weak radiative corrections to this formula we will
use in our scan the experimental results with 3σ
uncertainties. Notice also that unlike BðW → eνÞ
and BðW → μνÞ, which have also been recently
measured at the LHC [39], the LEP result for
BðW → τνÞ has not been measured at the LHC.
For that reason, and despite the fact that the LEP
result for BðW → τνÞ differs from the Standard
Model value at the 2.3σ level, we prefer not to
include BðW → τνÞ in our scan.
(iii) Δrπ ¼ rexpπ =rSMπ − 1: The ratio rπ ¼ Γðπ → eνeÞ=
Γðπ → μνμÞ provides an efficient constraint, as
recently argued in Ref. [40]. To that end one
combines the Standard Model expression for the
decay rate with the experimental values to obtain
Δrπ ¼ 0.004ð4Þ, the result which is then compared
with the formula relevant to the scenario discussed in
this paper (cf. next section), namely,
Δrπ ¼ −1þ
m2μðm2π −m2μÞ2
m2eðm2π −m2eÞ2
P
4
i¼1 jUeij2½m2πðm2νi þm2eÞ − ðm2νi −m2eÞ2λ1=2ðm2π; m2νi ; m2eÞP
4
i¼1 jUμij2½m2πðm2νi þm2μÞ − ðm2νi −m2μÞ2λ1=2ðm2π; m2νi ; m2μÞ
: ð9Þ
In this way one gains another interesting constraint to the parameter space.
(iv) Z → νν: In addition to the active neutrinos, the sterile ones can be used to saturate the experimental Z invisible decay
width, ΓðZ → invisibleÞ ¼ 0.503ð16Þ GeV [38]. The corresponding expression, which we compute by using the
Feynman rules derived in Appendix A 1, reads2
ΓðZ → ννÞ ¼
X4
i;j¼1
i≤j

1 −
δij
2
 ﬃﬃﬃ
2
p
GF
24π
mZλðm2Z;m2νi ; m2νjÞ
×

jCijj2

2 −
m2νi þm2νj
m2Z
−
ðm2νi −m2νjÞ2
m4Z

− ReðC2ijÞ
6mνimνj
m2Z

; ð10Þ
where
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Cij ¼
X
α∈fe;μ;τg
UαiUαj: ð11Þ
(v) l0 → lll: To implement this constraint we compare the experimental limit, Bðμ → eeeÞ < 1 × 10−12 [41], to the
theoretical prediction derived in Ref. [37]:
Bðμ → eeeÞ ¼ G
4
Fm
4
W
6144π7
m5μ
Γμ

2
 12FμeeeBox þ FμeZ − 2sin2θWðFμeZ − Fμeγ Þ

2
þ 4sin4θW jFμeZ − Fμeγ j2
þ16sin2θWRe

FμeZ þ
1
2
FμeeeBox

Gμeγ 

− 48sin4θWRe½ðFμeZ − Fμeγ ÞGμeγ 
þ32sin4θW jGμeγ j2

ln
m2μ
m2e
−
11
4
	
; ð12Þ
where the explicit forms of the loop functions FμeeeBox ; F
μe
Z ; F
μe
γ ; G
μe
γ can be found in Refs. [37,42]. Similarly, we
implement in our scan the bounds arising from the experimental limits Bðτ → μμμÞ < 2.1 × 10−8, and Bðτ →
eeeÞ < 2.7 × 10−8 [38].
(vi) The leptonic decays τ → lνν (l ¼ e, μ) represent very useful constraints as well. We derived the relevant expression
for this process and found
dBðτ → lννÞ
dq2
¼
X4
i;j¼1
i≤j

1 −
δij
2

G2Fττ
192π3m3τq6
λ1=2ðm2τ ; m2μ; q2Þλ1=2ðq2m2νi ; m2νjÞ

ðjUτiUljj2 þ jUτjUlij2Þ
× ½3ðq4 − ðm2νi −m2νjÞ2Þððm2τ −m2lÞ2 − q4Þ − λðm2τ ; m2μ; q2Þλðq2m2νi ; m2νjÞ
− 24ReðUτiUljUτjUliÞmνimνjq4ðm2τ þm2l − q2Þ
	
: ð13Þ
The above formula is then combined with the average of experimental results summarized in Ref. [38], namely
Bðτ → μννÞ ¼ 17.33ð5Þ%, and Bðτ → eννÞ ¼ 17.82ð5Þ%.
We perform a first random scan of 100000 points using
flat priors on the Dirac CP phases and logarithmic priors on
all other scan parameters, which are chosen in the following
ranges
10−21 eV ≤ mν1 ≤ 1 eV;
10−9 GeV ≤ mν4 ≤ 10
6 GeV;
10−8 ≤ θ14; θ24; θ34 ≤ 2π;
0 ≤ δ13; δ41; δ43 ≤ 2π: ð14Þ
We then perform a second random focusing on the window
where the heavy neutrino mass is comparable to the kaon
mass, using flat priors on the Dirac CP phases and
logarithmic priors on all other scan parameters. We first
generate a sample of 200000 points with parameters
chosen as
10−21 eV ≤ mν1 ≤ 1 eV;
0.1 GeV ≤ mν4 ≤ 1 GeV;
10−6 ≤ θ14; θ24; θ34 ≤ 2π;
0 ≤ δ13; δ41; δ43 ≤ 2π; ð15Þ
to which we add 40000 points with paramaters chosen in
the ranges
10−21 eV ≤ mν1 ≤ 1 eV;
0.27 GeV ≤ mν4 ≤ 0.35 GeV;
10−6 ≤ θ14; θ24 ≤ 2π;
0.1 ≤ θ34 ≤ 2π;
0 ≤ δ13; δ41; δ43 ≤ 2π: ð16Þ
The other parameters are fixed from the best fit point in
[35], i.e.
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sin2θ12 ¼ 0.306; sin2θ23 ¼ 0.441; sin2θ13 ¼ 0.02166;
Δm221 ¼ 7.50 × 10−5 eV2; Δm231 ¼ 2.524 × 10−3 eV2:
ð17Þ
We then impose all of the above constraints, in addition to
those arising from the direct searches [43], and require
the perturbative unitarity condition [44] which can be
written as
GFm24ﬃﬃﬃ
2
p
π
X
α
jUα4j2 < 1: ð18Þ
That last condition is important when the sterile neutrino is
very heavy as it leads to its decoupling, which can be seen
in Fig. 1.3 For the purpose of this paper, in which we study
the effects of an additional sterile neutrino on the kaon
physics observables, the most interesting region is the one
corresponding to m4 ≲ 1 GeV, which we show in Fig. 2.
As expected, the limits coming from the τ leptonic decays
are the most constraining in the plane ðm4; jUτ4j2Þ. Notice
also that the sharp exclusion of parameters around
m4 ∼ 0.3 GeV comes from the direct searches discussed
in Ref. [43]. It is worth noticing that the bounds shown in
Fig. 2 are in agreement with those provided in Ref. [43] in
the considered mass regime, although slightly improved as
most of the constraints discussed above have been updated.
In summary, we selected the points in the parameter
space which are compatible with a number of constraints
discussed in the body of this section. We will use the results
of the above scan to test the sensitivity of the kaon physics
observables on the presence of an effective massive sterile
neutrino with a mass m4 ≲ 1 GeV.
IV. KAON PHYSICS PHENOMENOLOGY
Before discussing the results stemming from our scan,
we will introduce the kaon decays at the heart of our study
and present their analytical expressions in our effective
model. In our phenomenological discussion, we will
consider the processes for which hadronic uncertainties
are under full theoretical control by means of numerical
simulations of QCD on the lattice. Processes such as
BðKS → μμÞ and BðK → πμμÞ will not be considered,
since the corresponding Standard Model predictions
depend on large (long-distance QCD) uncertainties.
A. Leptonic decays, Kl2
Sterile neutrinos in kaon and pion leptonic decays were
first studied and analyzed in [9] with the aim to probe
massive neutrinos via lepton mixing; correspondingly,
associated tests allowed one to set bounds on neutrino
masses and lepton mixing matrix elements [10]. Here we
revisit the Kl2 decays in light of the existing data on
neutrinos and in the framework of the simple extension of
the Standard Model by one sterile fermion with the aim to
update the latter obtained results.
The effective Hamiltonian we will be working with reads
Heff ¼
ﬃﬃﬃ
2
p
GFVus½ð1þ gVÞu¯γμsl¯LγμνL
− ð1þ gAÞu¯γμγ5sl¯LγμνL þ H:c:; ð19Þ
where gA and gV are the generic couplings to physics
beyond the Standard Model, which in our case are the
couplings to the massive sterile neutrino. The leptonic
bilinear l¯LγμνL in Eq. (19) should be understood asP
α¼e;μ;τ
P
3þN
i¼1 Uαil¯αγ
μPLνi, as in Eq. (1). In the effective
approach, the effect of the active-sterile mixing is encoded
in the effective couplings gA and gV . The relevant hadronic
matrix element for this decay is parametrized in terms of the
decay constant fK via
h0ju¯γμγ5sjK−ðpÞi ¼ ifKpμ; ð20Þ
so that the decay amplitude becomes
A ¼ −i
ﬃﬃﬃ
2
p
GFVusð1þ gAÞðifKpμÞu¯ðk1ÞγμPLvðk2Þ; ð21Þ
where k1 and k2 are the momenta of the lepton and
neutrino, respectively, and PL ¼ ð1 − γ5Þ=2. Multiplying
this amplitude by its conjugate and after summing over the
spins we then get
X
spin
jAj2 ¼ 2G2FjVusj2f2Kj1þ gAj2½m2Kðm2l þm2νÞ
− ðm2l −m2νÞ2; ð22Þ
so that the final expression for the decay rate reads
FIG. 1. Result of the scan in the scenario of three active and one
(effective) sterile neutrino displayed in the plane jUe4j2 vs m4.
Perturbative unitarity cuts the parameter space for large m4. The
red points agree with all constraints while the blue ones are
excluded by requiring the compatibility with experimental results
for the leptonic τ decays.
3Notice that we often use the notation mν4 ≡m4 which should
not be confusing to the reader.
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BðK → lνiÞ ¼
G2FτK
8πm3K
jVusj2f2Kλ1=2ðm2K;m2l; m2νiÞj1þ gAj2
× ½m2Kðm2l þm2νiÞ − ðm2l −m2νiÞ2: ð23Þ
One can immediately see from the above equation (and the
subsequent ones for the observables under this study) that
the presence of the sterile state can have two consequences,
a phase space effect if its mass is kinematically allowed and
a modification of the coupling due to the active-sterile
mixing encoded in gA. More explicitly, and after adapting
the above formula to the scenario with an extra sterile
neutrino, we have
BðK → lνÞ ¼ G
2
FτK
8πm3K
jVusj2f2K
X4
i¼1
jUlij2λ1=2ðm2K;m2l; m2νiÞ
× ½m2Kðm2l þm2νiÞ − ðm2l −m2νiÞ2: ð24Þ
Similarly, for the process τ → Kν we get
Bðτ → KνÞ ¼ G
2
Fττ
16πm3τ
jVusj2f2K
X4
i¼1
jUτij2λ1=2ðm2τ ; m2K;m2νiÞ
× ½ðm2τ −m2νiÞ2 −m2Kðm2τ þm2νiÞ: ð25Þ
The above expressions can be trivially extended to the case
of the pion leptonic decay by simply replacing K → π, and
Vus → Vud. Modern day lattice QCD computations of the
decay constants fK , fπ, and especially of fK=fπ , have
already reached a subpercent accuracy [45] so that compar-
ing the theoretical expressions (in which the effects of new
physics are included) with the experimental measurements
can result in stringent constraints on the new physics
couplings.
B. Semileptonic decays, Kl3
To discuss the semileptonic decays K → πlν, we again
rely on the effective Hamiltonian (19) and keep the
neutrinos massive. Due to parity, only the vector current
contributes on the hadronic side and the relevant hadronic
matrix matrix element is parametrized as
hπþðkÞju¯γμsjK¯0ðpÞi ¼

kμ þ kμ −
m2K −m2π
q2
qμ

fþðq2Þ
þm
2
K −m2π
q2
qμf0ðq2Þ; ð26Þ
where the form factors fþ;0ðq2Þ are functions of
q2 ¼ ðp − kÞ2 ¼ ðk1 þ k2Þ2 which can take the values
q2 ∈ ½ðml þmνÞ2; ðmK −mπÞ2. Notice that the hadronic
matrix element of the decay to a neutral pion is
related to the above one by isospin symmetry, i.e.
hπ0ðkÞju¯γμsjK−ðpÞi ¼ ð1=
ﬃﬃﬃ
2
p ÞhπþðkÞju¯γμsjK¯0ðpÞi. This
decay is suitably described by its helicity amplitudes. To
that end one first defines the polarization vectors of the
virtual vector boson (K → πV) as
εμ ¼
1ﬃﬃﬃﬃﬃ
q2
p ½0;1;−i; 0T;
εμ0 ¼
1ﬃﬃﬃﬃﬃ
q2
p ½j~qj; 0; 0;−q0T;
εμt ¼
1ﬃﬃﬃﬃﬃ
q2
p ½q0; 0; 0;−j~qjT; ð27Þ
so that the only nonzero helicity amplitudes will be
h0;tðq2Þ ¼ ð1þ gVÞεμ0;thπþðkÞju¯γμsjK¯0ðpÞi, or explicitly
h0ðq2Þ ¼
ð1þ gVÞﬃﬃﬃﬃﬃ
q2
p λ1=2ðm2K; q2; m2πÞfþðq2Þ;
htðq2Þ ¼
ð1þ gVÞﬃﬃﬃﬃﬃ
q2
p ðm2K −m2πÞf0ðq2Þ: ð28Þ
In terms of these functions the decay amplitude reads
Asl ¼
ﬃﬃﬃ
2
p
GFVus½−h0ðq2Þε0μ þ htðq2Þεtμu¯ðk1ÞγμPLvðk2Þ:
ð29Þ
In the rest frame of the lepton pair the components of the
vectors k1 and k2 of the final leptons are
k1 ¼ ðEl; pl sin θ; 0; pl cos θÞ;
k2 ¼ ðEν;−pl sin θ; 0;−pl cos θÞ; ð30Þ
FIG. 2. As in Fig. 1 but for m4 ≤ 1 GeV, and for all jUl4j2.
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where
El ¼
q2 þm2l −m2ν
2
ﬃﬃﬃﬃﬃ
q2
p ;
Eν ¼
q2 −m2l þm2ν
2
ﬃﬃﬃﬃﬃ
q2
p ;
pl ¼
λ1=2ðq2; m2l; m2νÞ
2
ﬃﬃﬃﬃﬃ
q2
p ; ð31Þ
and θ is the angle between l− (in the lepton pair rest frame)
and the flight direction of the leptonic pair (opposite to the
pion direction) in the kaon rest frame. The decay rate can
then be written as
d2BðK → πlνÞ
dq2d cos θ
¼ aðq2Þ þ bðq2Þ cos θ þ cðq2Þ cos2 θ;
ð32Þ
where the q2-dependent functions are given by
aðq2Þ ¼ G
2
FτK
256π3m3K
jVusj2λ1=2ðm2K; q2; m2πÞλ1=2ðq2; m2l; m2νÞ
×

1 −
m2l þm2ν
q2

jh0ðq2Þj2
þ

m2l þm2ν
q2
−
ðm2l −m2νÞ2
q4

jhtðq2Þj2

; ð33Þ
bðq2Þ ¼ G
2
FτK
128π3m3K
jVusj2λ1=2ðm2K; q2; m2πÞλðq2; m2l; m2νÞ
×
m2l −m2ν
q4
Re½h0ðq2Þht ðq2Þ; ð34Þ
cðq2Þ ¼ − G
2
FτK
256π3m3K
jVusj2λ1=2ðm2K; q2; m2πÞ
×
λ3=2ðq2; m2l; m2νÞ
q4
jh0ðq2Þj2: ð35Þ
After integrating over θ we obtain the usual expression
for the differential branching fraction, which is shortly
written as
dBðK → πlνÞ
dq2
¼ 2

aðq2Þ þ 1
3
cðq2Þ

: ð36Þ
Finally, after integrating in q2 and splitting up the pieces
with contributions of massless and massive neutrinos in the
final state, we have
BðK → πlνÞ
¼ ð1 − jUl4j2Þ
Z ðmK−mπÞ2
m2l
dBðK → πlνÞ
dq2

mν¼0
þ ϑðmK −mπ −ml −m4ÞjUl4j2
×
Z ðmK−mπÞ2
ðmlþm4Þ2
dBðK → πlν4Þ
dq2
: ð37Þ
Another observable relevant to K → πlν decays can be
easily obtained after subtracting the number of events in the
backward from the forward hemispheres. The resulting
forward-backward asymmetry is given by
Alfbðq2Þ ¼
R
1
0 d cos θ
d2BðK→πlνÞ
dq2d cos θ −
R
0
−1 d cos θ
d2BðK→πlνÞ
dq2d cos θR
1
−1 d cos θ
d2BðK→πlνÞ
dq2d cos θ
:
ð38Þ
Since there are three independent functions in the angular
decay distribution (32) we can define one more linearly
independent observable, in addition to dB=dq2 and
Afbðq2Þ. We choose the third observable to be the charged
lepton polarization asymmetry. For that purpose we define
the projectors P ¼ ð1 sγ5Þ=2 where the projection is
made along the lepton polarization vector,
s ¼
j~plj
ml
;
El
ml
~pl
j~plj

: ð39Þ
The differential branching fraction can be separated into the
positive lepton helicity and the negative one, i.e.
dBðK → πlνÞ
dq2
¼ dBþðK → πlνÞ
dq2
þ dB−ðK → πlνÞ
dq2
;
ð40Þ
or, for short, B ¼ Bþ þ B−. The lepton polarization asym-
metry is then defined as
Plðq2Þ ¼
dBþ
dq2 −
dB−
dq2
dBþ
dq2 þ dB−dq2
¼ 1ðdB=dq2Þ
G2FτK
384π3m3K
jVusj2λ1=2ðm2K; q2; m2πÞ
×
λðq2; m2l; m2νÞ
q2

−2þm
2
l −m2ν
q2

jh0ðq2Þj2
þ 3m
2
l −m2ν
q2
jhtðq2Þj2

; ð41Þ
or, in terms of form factors and by explicitly displaying the
sum over the neutrino species, we write
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Plðq2Þ ¼
1
ðdB=dq2Þ
G2FτK
192π3m3K
jVusj2
λ1=2ðm2K; q2; m2πÞ
q4
×
X4
i¼1
jUlij2λðq2; m2l; m2νiÞ
×

λðm2K; q2; m2πÞ

m2l −m2νi
2q2
− 1

jfþðq2Þj2
þ 3
2
m2l −m2νi
q2
ðm2K −m2πÞ2jf0ðq2Þj2

: ð42Þ
Measuring Alfbðq2Þ and Plðq2Þ is hardly possible, but
measuring the integrated characteristics might be feasible.
This is why in the phenomenological application we will be
using hAlfbi and hPli, which are obtained by separately
integrating the numerator and the denominator in both
Eqs. (38) and (41).
C. Loop-induced weak decay K → πνν
Details of the derivation of the expressions for this
decay rate can be found in Appendix A 2 of the present
paper. Here we only quote the corresponding effective
Hamiltonian that we use, namely,
Heff ¼
ﬃﬃﬃ
2
p
GFαem
π
X4
i;j¼1
~CijLðs¯γμPLdÞðνiγμPLνjÞ þ H:c:;
ð43Þ
where
~Ci;jL ¼
1
sin2 θW
X
l∈fe;μ;τg
Uli½λcXlc þ λtXtUlj; ð44Þ
with λc ¼ VcsVcd, λt ¼ VtsVtd. The loop contribution
arising from the top quark amounts to Xt ¼ 1.47ð2Þ
[46], while the box diagram with the propagating charm
depends on the lepton also in the loop, and yields
Xec ¼ Xμc ¼ 10.0ð7Þ × 10−4, Xτc ¼ 6.5ð6Þ × 10−4 [47].
Notice also that the sum in the Wilson coefficient ~Ci;jL
runs over the charged lepton species and the one in Eq. (43)
over the neutrino mass eigenstates. Using the same decom-
position of the matrix element in terms of the hadronic form
factors, already defined in Eq. (26), and assuming all
neutrinos to be of Majorana nature, we have
dBðKþ→πþννÞ
dq2
¼
X4
i;j¼1
i≤j

1−
1
2
δij

α2emG2FτKþ
768π5m3K
λ1=2ðm2K;q2;m2πÞ
λ1=2ðq2;m2νi ;m2νjÞ
q2
×

j ~CijL j2

λðm2K;q2;m2πÞ

2−
m2νi þm2νj
q2
−
ðm2νi −m2νjÞ2
q4

jfþðq2Þj2
þ3

m2νi þm2νj
q2
−
ðm2νi −m2νjÞ2
q4

ðm2K−m2πÞ2jf0ðq2Þj2

−6
mimj
q2
CˆijL ½λðm2K;q2;m2πÞjfþðq2Þj2−ðm2K−m2πÞ2jf0ðq2Þj2
	
; ð45Þ
where
CˆijL ¼
1
sin4 θW
X
l;l0∈fe;μ;τg
ðλcXlc þ λtXtÞðλcXl0c þ λtXtÞ × Re½UliUljUl0iUl0j: ð46Þ
One should be particularly careful when using the above
formula because the leptonic mixing matrix elements are in
general complex, and while the functions Xlc and Xt are
real, the Cabibbo-Kobayashi-Maskawa couplings have
both real and imaginary parts. More specifically, and by
using the CKMfitter results [48], we obtain
Reλt ¼ −3.31ð9Þ × 10−4;
Reλc ¼ −0.2193ð3Þ;
Imλt ¼ −Imλc ¼ 1.38ð5Þ × 10−4: ð47Þ
The above formula reduces to the Standard Model one after
setting mνi ¼ mνj ¼ 0, and by using the unitarity of the
4 × 4 matrix.
If this decay occurs between the neutral mesons,
the situation is slightly more delicate. When considering
KL → π0νν, one should first keep in mind that jKLi ¼
ðjK0i þ jK¯0iÞ= ﬃﬃﬃ2p , which then means that the effective
Hamiltonian (43) between the initial and the final
hadrons will result in two hadronic matrix elements
which are related to each other by CP symmetry,
namely,
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hπ0jd¯γμsjK¯0i ¼ −hπ0js¯γμdjK0i: ð48Þ
Furthermore, after invoking the isospin symmetry, we have
hπ0js¯γμdjK0i ¼ hπ0js¯γμujKþi ¼
1ﬃﬃﬃ
2
p hπþjs¯γμujK¯0i; ð49Þ
where the last matrix element (to a charged pion) is the one defined in Eq. (26). With this, we can compute the decay rate
and we obtain
dBðKL → π0ννÞ
dq2
¼
X4
i;j¼1
i≤j

1 −
1
2
δij

α2emG2FτKL
768π5m3K
λ1=2ðm2K; q2; m2πÞ
λ1=2ðq2; m2νi ; m2νjÞ
q2
×

j ~Cij0 j2

λðm2K; q2; m2πÞ

2 −
m2νi þm2νj
q2
−
ðm2νi −m2νjÞ2
q4

jfþðq2Þj2
þ3

m2νi þm2νj
q2
−
ðm2νi −m2νjÞ2
q4

ðm2K −m2πÞ2jf0ðq2Þj2

− 6
mimj
q2
Cˆij0 ½λðm2K; q2; m2πÞjfþðq2Þj2 − ðm2K −m2πÞ2jf0ðq2Þj2
	
; ð50Þ
where
~Ci;j0 ¼ −
1
sin2 θW
X
l∈fe;μ;τg
UliIm½λcXlc þ λtXtUlj;
Cˆij0 ¼
1
sin4 θW
X
l;l0∈fe;μ;τg
ImðλcXlc þ λtXtÞImðλcXl0c þ λtXtÞRe½UliUljUl0iUl0j: ð51Þ
Like before, if we set mνi ¼ mνj ¼ 0 and use the U matrix unitarity, the above formula will lead to the familiar Standard
Model expression (see e.g. [47]).
D. “Invisible decay” KL → νν
One might also look for an “invisible decay,” such as the decay of a kaon to neutrinos only. We use the effective
Hamiltonian (43), and express the hadronic matrix element as
h0js¯γμγ5djKLðpÞi ¼ h0jd¯γμγ5sjKLðpÞi ¼
iﬃﬃﬃ
2
p fKpμ; ð52Þ
consistent with Eq. (20), and derive the expression for the decay rate by keeping in mind that CPjK0i ¼ −jK¯0i.
We obtain
BðKL → ννÞ ¼
X4
i;j¼1
i≤j

1 −
1
2
δij

α2emG2FτKL
8π3m3Ksin
4θW
f2Kλ
1=2ðm2K;m2νi ; m2νjÞ
×

X
l∈fe;μ;τg
ReðλcXlc þ λtXtÞUliUlj

2
ðm2Kðm2νi þm2νjÞ − ðm2νi −m2νjÞ2Þ
þ2
X
l;l0∈fe;μ;τg
ReðλcXlc þ λtXtÞReðλcXl0c þ λtXtÞReðUliUljUl0iUl0jÞmνimνjm2K

: ð53Þ
Since we consider the neutrinos to be Majorana fermions, the processes K → πνν and KL → νν can be viewed as lepton
number violating, and as such they can be used to probe the Majorana phases via the last term in Eqs. (50) and (53).
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Notice, however, that this term is multiplied by the
product of neutrino masses mνimνj , and since in our
scenario only one neutrino can be massive the other ones
are extremely light so that the product of masses will be
negligibly small. The only nonzero possibility is then
i ¼ j ¼ 4, but in this case the Majorana phases cancel
out in the product Ul4Ul4U

l04Ul04. For this reason,
the Majorana phases will not be discussed in what follows.
We should also note that Eq. (53), with the appropriate
simplifications, agrees with the one presented in Ref. [49].
V. RESULTS AND DISCUSSION
In this sectionwe use the points selected by the constraints
discussed in Sec. III and evaluate the sensitivity of the kaon
decay observables on the presence of a massive sterile
neutrino. Whenever possible, and to make the situation
clearer, for a given observable O we will consider the ratio
RO ¼
O
OSM
; ð54Þ
where in the numeratorwe compute a given observable in the
scenario with three active and one massive sterile neutrino
and divide it by its Standard Model prediction. Whenever
possible, those results will be compared with experimental
values, RexpO .
(i) We first examine the effects of sterile neutrinos on
the leptonic decays of a charged kaon. To that end
we define
RKl2 ¼
BðK → lνÞ
BðK → lνÞSM ; ð55Þ
and compute its value by employing the expressions
derived in the previous section.4 To estimate RexpKl2
we need an estimate of BðK → lνÞSM, which we
compute by using jVusj ¼ 0.2255ð4Þ [48], fK ¼
155.6ð4Þ MeV computed in lattice QCD [45], and
by adding the electroweak and radiative corrections
[50–52]. We thus end up with
BðKþ → eþνÞSM ¼ 1.572ð10Þ × 10−5;
RexpKe2 ¼ 1.006ð8Þ;
BðKþ → μþνÞSM ¼ 63.55ð39Þ%;
RexpKμ2 ¼ 0.999ð6Þ;
Bðτþ → KþνÞSM ¼ 7.14ð4Þ × 10−3;
RexpτK2 ¼ 0.980ð15Þ; ð56Þ
where, in evaluating the RexpKl2 ratios, we used the
average of the experimental results collected in
Ref. [38].
Adding a massive sterile neutrino with parameters
selected in a way discussed in Sec. III, results in
values of the branching fractions which always fall
within the experimental bounds except in the case of
the modeK → eν, where some points get outside the
range allowed by experiment. This situation is
depicted in Fig. 3 where we see that requiring an
agreement with the experimental bound on RKe2
amounts to a new constraint in the region of
m4 ∈ ð400 MeV; mKÞ. In Fig. 3 we also show the
impact of RexpKe2 on the corresponding active-sterile
mixing angle, or better Ue4.
This finding is actually equivalent towhat has been
discussed in Ref. [40] where it has been shown that
ΔrK [defined analogously to Eq. (9) of the present
paper] provides a useful constraint when building a
viable extension of the Standard Model by including
one (or more) sterile neutrino(s). Knowing that
ΔrK ¼
RKe2
RKμ2
− 1; ð57Þ
and sinceRKe2 is currently constrainingwhileRKμ2 is
not, it is clear that the two constraints are indeed
equivalent.
FIG. 3. jRKe2 − 1j as a function of the sterile neutrinomass,m4 (left panel) and ofUe4 (right panel). The full ensemble of points (red and
blue ones) correspond to RKe2 computed using Eq. (24) in the Standard Model and in our scenario, with an additional sterile neutrino, by
using the parameters selected in the scan discussed in Sec. III. Blue points are in conflict with RexpKe2 shown by the dashed line.
4The pioneering analysis of this ratio was made in [9,10].
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(ii) As for the semileptonic decays, we focus on the
decays ofKL in order to avoid the uncertainties related
to the isospin corrections which are present in the
decays of charged kaons. The main remaining worry
is to handle the hadronic uncertainties, i.e. those
associated with the form factors fþ;0ðq2Þ. Those
uncertainties are nowadays under control thanks to
the recent precision lattice QCD computation with
Nf ¼ 2þ 1þ 1 dynamical quark flavors presented
in Ref. [53]. In that paper the authors computed
the form factors at several q2’s which are then fitted
to the dispersive parametrization of Ref. [54]. We
use those results in our computation and obtain
BðKL → π−eþνÞSM ¼ 41.31ð46Þ%;
RexpKe3 ¼ 0.980ð13Þ;
BðKL → π−μþνÞSM ¼ 27.51ð29Þ%;
RexpKμ3 ¼ 0.981ð11Þ; ð58Þ
thus about 1.5σ away from the Standard Model
prediction. Those bounds,5 however, remain far too
above the results we obtain after including an extra
sterile neutrino, which is also shown in Fig. 4. In other
words, the presence of a massive sterile neutrino has a
very little impact on the branching fractions of the
semileptonic kaon decays Kl3. Even a significantly
increased precision of those measurements is very
unlikely to unveil the presence of a sterile neutrino in
these decay modes.
As for the other two observables, we first computed
them in the Standard Model and obtained
KL → πeν∶ hAefbiSM ¼ 8.5ð1Þ × 10−5;
hPeiSM ¼ 0.999ð16Þ;
KL → πμν∶ hAμfbiSM ¼ 0.271ð4Þ;
hPμiSM ¼ 0.088ð5Þ: ð59Þ
We then checked their values in our scenariowith one
massive sterile neutrino and found that they change by
a completely insignificant amount (at the one per-mil
level). For example, we get
−2 × 10−7 ≤ ðhAμfbi − hAμfbiSMÞ ≤ 5 × 10−7;
−3.6 × 10−6 ≤ ðhPμi − hPμiSMÞ ≤ 2.3 × 10−6:
ð60Þ
To understand why these quantities remain so in-
sensitive to the presence of a heavy sterile neutrino,
we checked all the constraints employed in our scan of
parameters, and found that themost severe constraints
come from the direct searches, i.e. thosewe took from
Ref. [43]. Once taken into account, these constraints
prevent the kaon physics observables from deviating
from their Standard Model values.
(iii) The most interesting decay modes are expected to be
the ones with two neutrinos in the final state. In the
Standard Model, we have [55]
BSMðKL → π0ννÞ ¼ ð3.00 0.30Þ × 10−11;
BSMðK → πννÞ ¼ ð9.11 0.72Þ × 10−11; ð61Þ
where a control over the remaining long-distance
hadronic contribution to the charged mode can be
achieved through numerical simulations of QCD on
the lattice for which a strategy has been recently
developed in Ref. [56]. These two decay modes are
also subjects of an intense experimental research at
CERN (NA62) for the charged mode [11], and at
J-PARC (KOTO) for the neutral one [12]. We
therefore find it important to examine in which
FIG. 4. Predictions for jRKe3 − 1j and jRKμ3 − 1j computed by using the parameters obtained in Sec. III are shown as functions of the
mass of the sterile neutrino m4. All the allowed points in red remain far below the experimental limit shown by the dashed line. Blue
points correspond to those discarded by incompatibility with RexpKe2.
5Although the mass of the sterile neutrino m4 can in principle
have any value, we focused in Figs. 3 and 4 on the mass range
m4 ∈ ½0; 1 GeV. When the sterile neutrino is (not) kinematically
accessible, we sum over all the (three) four neutrino final states;
besides, the effect of the presence of the sterile neutrino is also
encoded in the modification of the neutral and charged current
[see Eq. (1)], or equivalently in the effective coupling gA. This
effect is always present even if the sterile neutrino is not
kinematically allowed, as one can see in Figs. 3 and 4.
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way their rates could be affected if the Standard
Model is extended by an extra sterile neutrino. It
turns out that experimental constraints limit the
deviation from the Standard Model prediction to
less than 1%, which in view of the Standard Model
uncertainties [cf. Eq. (61)] means that the K → πνν
decay modes remain blind to the presence of an extra
sterile neutrino. This is illustrated in Fig. 5. More
specifically, we find
∀m4 ≤ 1 GeV; RKL→π0νν ¼ 1.000ð9Þ;
RK→πνν ¼ 1.000ð8Þ: ð62Þ
In other words, measuring BðKL → π0ννÞ and
BðK → πννÞ consistent with the Standard Model
predictions would be perfectly consistent with a
scenario in which the StandardModel is extended by
an extra sterile neutrino. Notice again that the cut
into the parameter space in the region around m4 ≈
0.29 GeV shown in Fig. 5 comes from the direct
searches [43] implemented in our scan.
(iv) Finally, a similar analysis of the “invisible kaon
decay” KL → νν shows that this mode can be
largely enhanced if the sterile neutrino is massive.
Due to the available phase space, this decay can
be studied for m4 ≤ mK0, and the result is shown
in Fig. 6. Knowing that in the Standard Model
BðKL→ννÞSM≈0, the enhancement we observe is
indeed substantial and since its decay rate can be
comparable toBðK → πννÞ its experimental research
becomes highly important. It has been proposed to
search for this decay at the NA64 experiment using
KL produced from a Kþ beam hitting a target [13].
From our analysis we find the upper bound,
BðKL → ννÞ ≤ 1.2 × 10−10; ð63Þ
which could be within the reach of the KOTO, NA62
(-KLEVER) and SHIP experiments even if the above
bound is by an order of magnitude lower. The KOTO
experiment aims to reach a sensitivity of 10−11 to
KL → π0νν in its first phase [12] and to have 4 ×
1014KL at the entrance of the detector in phase 2 [57].
NA62-KLEVER is a project that would succeed
NA62 and would aim to produce 3 × 1013KL [58].
However, we would like to point out that the decay
KL → νν could also be searched for in D-meson
decays making use of the relatively large branching
ratio BðD → KLπÞ ∼ 1% and tagging the KL via the
pion. Beam dumps experiments at the CERN SPS
like SHIP or a possible run of NA62 in a beam dump
configuration would produce copious amounts of D
mesons. A year of running in beam dump mode for
NA62 would produce ∼1015D mesons [59], which
would correspond to roughly 1013 tagged KL. SHIP
would accumulate even more data, producing 6.8 ×
1017Dmesons [17], which would translate into more
than 7 × 1015 tagged KL. In any case, an experimen-
tal bound on this decay mode would be of great
importance for studying the effects of physics beyond
the StandardModel in the leptonic sector. Obviously,
a nonzero measurement of BðKL → ννÞ would be a
clean signal of the non–Standard Model physics.
FIG. 5. jRK→πνν − 1j and jRKL→π0νν − 1j remain within 1%, which means thatK → πνν decays are not sensitive to the presence of an
extra (massive) sterile neutrino once experimental constraints are applied.
FIG. 6. BðKL → ννÞ as a function of mass of the sterile
neutrino for m4 ≤ mK0. Notice that in the Standard Model this
branching fraction is zero while the values close to the upper
bound found here are possibly within the reach of the KOTO,
NA62(-KLEVER) and SHIP experiments.
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Before closing this section,we shouldmake a brief comment
on the lepton flavor violating kaon decays, which in our
scenario would be generated by the heavy neutrino running
in the loop. By using the formulas given in Ref. [60] trivially
adapted to the kaon decays, and the result of the scan of
Sec. III, we obtain that these modes are completely negli-
gible, i.e. the branching fractions of all these modes are
under 10−16.6
VI. SUMMARY
In this paper we presented the results of our study
concerning the impact of a massive sterile neutrino on the
weak kaon decays such as the leptonic, semileptonic and the
decay of a kaon to neutrinos. In the effective approach adopted
in this work, one sterile neutrino is supposed to mimic the
effect of a more realistic model in which the neutrino sector is
extended to include one or more sterile neutrinos.
Although the mass of the sterile neutrino m4 can in
principle have any value, we focused on the mass range
m4 ∈ ½0; 1 GeV, and in particular on m4 ≤ mK , when the
sterile neutrino is kinematically accessible. In order to
constrain six new parameters (m4, the three sterile-active
neutrino mixing angles and two new phases) we used a
number of quantities discussed in the body of the paper,
together with the perturbative unitarity requirement, as well
as the constraints arising from the direct searches [43].
After combining such selected parameters with the expres-
sions for the leptonic and semileptonic decays we derive
here, we found that only BðK → eνÞ can significantly
deviate from the current experimental value. That conflict
with the data is present in the interval mK >m4≳0.4GeV.
The other quantities, including the forward backward and
the lepton polarization asymmetries, remain unchanged
with respect to their Standard Model values with the effect
of the massive sterile neutrino remaining at the level of less
than 1%.
We also derived the expressions for the kaon decays
to two (Majorana) neutrinos in the final state, namely
BðK → πννÞ and BðKL → ννÞ. Our expressions are generic
and can be used when studying a new physics scenario in
which heavy neutrinos with no new gauge couplings are
involved. This will be increasingly relevant with the
ongoing experimental effort at CERN (NA62, NA64,
SHIP) and J-PARC (KOTO) targeting BðK → πννÞ
and BðKL → π0ννÞ, respectively. These two decays, how-
ever, appear to be insensitive to the massive sterile neutrino
once the experimental and theoretical constraints are taken
into account. In other words, if the experimental results of
the weak kaon decays turn out to be consistent with the
Standard Model predictions to a 1% uncertainty, this would
not be in contradiction with the neutrino sector extended by
a massive and relatively light sterile neutrino(s). The only
kaon decay mode which appears to be sensitive to the
presence of a massive sterile neutrino is KL → νν, the
branching fraction of which can go up to Oð10−10Þ, thus
possibly within reach of the NA62(-KLEVER), SHIP and
KOTO experiments. Knowing that the Standard Model
value of this mode is zero, its observation would be a clean
signal of new physics.
Notice also that BðK → πννÞ and BðKL → ννÞ could be
used to probe the Majorana phases in the models in which
more than one massive neutrino is considered. In the
approach adopted in this paper only one neutrino can be
heavy and therefore such a study is prohibited. If instead
one considers a realistic model with more than one heavy
neutrino then a study of the Majorana phases becomes
possible too [61].
We should mention that one can also consider the
situation with a very heavy sterile neutrino Oð1 TeVÞ.
In that case the processes discussed in this paper could be
modified by the effects of violation of the mixing matrix
unitarity; see for instance [62]. We checked that possibility
in the explicit computation and found that such effects
are indeed tiny. Importantly, however, a heavy sterile
neutrino can propagate in the loop-induced processes
and shift the values of BðKS → μμÞ and BðK → πμμÞ.
We checked that the corresponding effect remains small
and completely drowned in the large (long-distance QCD)
uncertainties already present in the Standard Model esti-
mates of BðKS → μμÞ and BðK → πμμÞ [52,63].
Finally, the expressions presented in this paper can be
easily extended to other similar decays, such as D-, Ds-, B-
and Bs-meson decays. We decided to focus on the kaon
decays because of the recent theoretical developments in
taming the hadronic uncertainties and because of the better
experimental precision.
ACKNOWLEDGMENTS
We thank S. Gninenko (spokesperson of NA64) for very
interesting remarks. This project has received funding from
the EuropeanUnion’s Horizon 2020 research and innovation
program under the Marie Sklodowska-Curie Grants
No. 690575 and No. 674896. C.W. receives financial
support from the European Research Council under the
European Union’s Seventh Framework Programme (Grant
No. FP/2007-2013)/ERC NuMass Grant No. 617143.
C.W. thanks the Université Paris Sud, the University of
Tübingen and the IBS Center for Theoretical Physics of the
Universe for their hospitality during the final stages of this
project. R. Z. F. thanks the Université Paris Sud for the kind
hospitality, and Conselho Nacional de Desenvolvimento
Científico e Tecnológico (National Council for Scientific
and Technological Development) (CNPq) and Fundação de
Amparo à Pesquisa do Estado de São Paulo (São Paulo
6To be more specific, we get
BðKL → μeÞ < 10−18; Bðτ → KSμÞ < 10−16;
Bðτ → ϕμÞ < 10−16; BðKþ → πþμeÞ < 10−23:
A. ABADA et al. PHYSICAL REVIEW D 95, 075023 (2017)
075023-14
Research Foundation) (FAPESP) for partial financial
support.
APPENDIX: MAJORANA VS DIRAC CASE
Being electrically neutral neutrinos can be described by
using either Dirac or Majorana spinors. A Majorana spinor
obeys the condition
ψ ¼ ψC ¼ ξCψ¯T; ðA1Þ
where C denotes the charge conjugation and ξ an arbitrary
phase factor that can be absorbed into redefinition of ψ . As a
consequence, a Majorana spinor has only 2 degrees of
freedom (whereas aDirac spinor has 4) and can be expressed
using only the left-handed (LH) chiral component
ψ ¼ ψL þ ðψLÞC: ðA2Þ
In the massless limit the chiral components decouple and
Dirac andMajorana spinors verify the same Dirac equation.
Since in the Standard Model only the LH component is
subject to gauge interactions, Dirac and Majorana neutrinos
will behave identically in the massless limit and only the
observables that exhibit a dependence on the neutrino mass
can probe the nature of neutrinos. This behavior is at the core
of the confusion theorem [64].
The plane wave expansion of a Dirac spinor reads
ψDiracðxÞ ¼
Z
d3pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2πÞ32Ep
q X
s
½asðpÞusðpÞe−{p:x
þ b†sðpÞvsðpÞe{p:x; ðA3Þ
and that of a Majorana spinor has the following form,
ψMajoranaðxÞ ¼
Z
d3pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2πÞ32Ep
q X
s
½asðpÞusðpÞe−{p:x
þ ξa†sðpÞvsðpÞe{p:x; ðA4Þ
where a†sðpÞ and b†sðpÞ are the particle and antiparticle
creation operators, while usðpÞ and vsðpÞ are the positive
and negative energy spinors. Since a theory with Majorana
fermions does not conserve fermion number, multiple
spinor contractions are allowed, leading to possible ambi-
guities in calculations.
1. Feynman Rules
A possible modification of the Feynman rules to account
for Majorana fermions was presented in [65], nowadays
widely used and also incorporated in automated tools like
FEYNARTS [66] or SHERPA [67,68], for example. Before
giving the list of vertices that we used and their expressions
for Majorana neutrinos, let us illustrate the difference
between vertices for Dirac and Majorana neutrinos.
In the weak basis, the Zνν interactions are flavor
diagonal and given for both Majorana and Dirac neutrinos
by
LZνν ¼ −
g2
2 cos θW
ν¯0LiZPLν
0
Li: ðA5Þ
The neutrino mass matrixM is put in a diagonal form using
a singular value decomposition for Dirac neutrinos
U†LMUR ¼ diagðmνiÞ; ðA6Þ
where i ¼ 1;…; n with n the number of neutrinos and
ν0L ¼ ULPLν; ν0R ¼ URPRν; ðA7Þ
and the lepton mixing matrix U is given by
Uαi ¼
X3
k¼1
VkαULki : ðA8Þ
In the case of Majorana neutrinos, the neutrino mass matrix
M is diagonalized using Eq. (3). For both Majorana and
Dirac neutrinos, the Zνν interactions are given by, in the
mass basis,
LZνν ¼ −
g2
2 cos θW
ν¯ZU†UPLν: ðA9Þ
Using the usual Feynman rules for Dirac neutrinos gives the
following:
ðA10Þ
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However, we would expect the Feynman rule to exhibit
some symmetry under the exchange i↔ j for Majorana
neutrinos. Using the following properties of Majorana
bispinors
ψ¯γμχ ¼ −χ¯γμψ ;
ψ¯γμγ5χ ¼ χ¯γμγ5ψ ; ðA11Þ
we can rewrite the Zνν interaction term for Majorana
neutrinos in the mass basis as
LZνν ¼ −
g2
4 cos θW
ν¯Z½ðU†UÞPL − ðU†UÞPRν; ðA12Þ
which, keeping in mind that two contractions of the
Majorana spinors are possible, gives the Feynman rule
ðA13Þ
which agrees with the prescription of [65] and can be obtained as well by writing the matrix element
hνjνij

−g2
2 cos θW

ν¯αZðU†UÞαβPLνβj0i; ðA14Þ
and doing the Wick contractions in all possible ways.
On the opposite, due to the presence of a charged lepton that imposes a distinction between leptons and antileptons, the
vertices involving a W gauge boson are identical between Majorana and Dirac neutrinos,
ðA15Þ
ðA16Þ
2. Detailed expression for K + → π + νν
In this section, we present the complete analytical expressions for Kþ → πþνν calculated for both Majorana and Dirac
neutrinos and show that they are equivalent in the limit of massless neutrinos, as expected from the confusion theorem. The
expression for the kaon decays are found in Eq. (45) for Majorana neutrinos. In the case of Dirac neutrinos, we obtain
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dBðKþ → πþννÞ
dq2

Dirac
¼
X4
i;j¼1
α2emG2FτKþ
1536π5m3K
λ1=2ðm2K; q2; m2πÞ
λ1=2ðq2; m2νi ; m2νjÞ
q2
× j ~CijL j2

λðm2K; q2; m2πÞ

2 −
m2νi þm2νj
q2
−
ðm2νi −m2νjÞ2
q4

jfþðq2Þj2
þ3

m2νi þm2νj
q2
−
ðm2νi −m2νjÞ2
q4

ðm2K −m2πÞ2jf0ðq2Þj2

; ðA17Þ
where ~CijL is given in Eq. (44), while fþ;0ðq2Þ are the form factors defined in Eq. (26).
Using the fact that for Majorana neutrinos,
dBðKþ → πþνiνjÞ
dq2
¼ dBðK
þ → πþνjνiÞ
dq2
; ðA18Þ
we can rewrite the branching ratio summed over all neutrinos in Eq. (45) as
dBðKþ → πþννÞ
dq2
¼
X4
i;j¼1
i≤j

1 −
1
2
δij

dBðKþ → πþνiνjÞ
dq2
¼ 1
2
X4
i;j¼1i<j

dBðKþ → πþνiνjÞ
dq2
þ dBðK
þ → πþνjνiÞ
dq2

þ 1
2
X4
i¼1
dBðKþ → πþνiνiÞ
dq2
¼ 1
2
X4
i;j¼1
dBðKþ → πþνiνjÞ
dq2
; ðA19Þ
where we used the exchange symmetry νi ↔ νj in the last equality. Therefore,
dBðKþ → πþννÞ
dq2

Majorana
¼
X4
i;j¼1
α2emG2FτKþ
1536π5m3K
λ1=2ðm2K; q2; m2πÞ
λ1=2ðq2; m2νi ; m2νjÞ
q2
×

j ~CijL j2

λðm2K; q2; m2πÞ

2 −
m2νi þm2νj
q2
−
ðm2νi −m2νjÞ2
q4

jfþðq2Þj2
þ3

m2νi þm2νj
q2
−
ðm2νi −m2νjÞ2
q4

ðm2K −m2πÞ2jf0ðq2Þj2

−6
mimj
q2
CˆijL ½λðm2K; q2; m2πÞjfþðq2Þj2 − ðm2K −m2πÞ2jf0ðq2Þj2
	
: ðA20Þ
It is then clear that the difference between Eqs. (A17) and (A20) comes from the last term in Eq. (A20), which is
proportional to mimj. As a consequence, the branching ratios for Majorana neutrinos and for Dirac neutrinos are equal in
the limit of massless neutrinos, providing a concrete example of the confusion theorem.
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